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Abstract
We distinguish two particular classes of lightlike surfaces in the Minkowski space Mn, which may be viewed as natural analogues
of space- and timelike minimal surfaces.
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Introduction
The principal aim of this note is to discuss what class of lightlike surfaces in Minkowski space–time Mn may be
treated as a natural analogue of minimal surfaces in Euclidean space En.
Recall that a regular two-dimensional surface in n-dimensional Euclidean space En, n 3, is said to be minimal if
its mean curvature vanishes, H ≡ 0. Actually the theory of minimal surfaces in En is an intensively developed area of
the modern differential geometry [1,4,19,20]. Minimal surfaces are critical points of the area functional, so they serve
to simulate soap films. It is well known that an arbitrary minimal surface F 2 in En may be parameterized locally in
such a way that its position vector x = ρ(u1, u2) satisfies the following conditions:
〈∂u1ρ, ∂u1ρ〉 = 〈∂u2ρ, ∂u2ρ〉, 〈∂u1ρ, ∂u2ρ〉 = 0, ∂u1u1ρ + ∂u2u2ρ = 0.
The first and second equalities mean that u1 and u2 are isothermic coordinates in F 2, whereas the third one assures
that F 2 is minimal. Moreover every minimal surfaces in En admits a so-called Weierstrass representation in terms of
complex-valued data.
The notion of minimality may be generalized to the case of generic surfaces in Minkowski space Mn, ds2M =
−(dx1)2 + (dx2)2 + · · · + (dxn)2. From the local point of view one can distinguish three different classes of regular
surfaces in Mn. A surface in Mn is said to be spacelike, timelike or lightlike if its first fundamental form (metric
form induced from ds2M ) is Riemannian, Lorentzian or degenerate of rank 1 respectively, cf. [8,18,25]. For space-
and timelike surfaces, whose induced metrics are non-degenerate, one can construct all the fundamental intrinsic and
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is said to be minimal (maximal) if its mean curvature vanishes. Minimal space- and timelike surfaces in Mn are still
critical points of the area functional, besides every such surface admits a local “sothermic” parametrization. Namely,
an arbitrary space- or timelike minimal surface in Mn may be represented locally by a position vector x = ρ(u1, u2)
which satisfies the following conditions:
(1)〈∂u1ρ, ∂u1ρ〉 = ε〈∂u2ρ, ∂u2ρ〉, 〈∂u1ρ, ∂u2ρ〉 = 0, ∂u1u1ρ + ε∂u2u2ρ = 0,
here ε = 1 or −1 for the space- and timelike cases respectively. Moreover minimal space- and timelike surfaces in Mn
admit some representations of Weierstrass type and twistor representations, cf. [2,10,14–17,23].
As for the lightlike surfaces, whose induced metrics are degenerate by definition, it is not clear how to define the
mean curvature and what kind of lightlike surfaces may be treated as minimal. Evidently we cannot apply classical
formulae for the mean curvature because of the metric degeneracy of lightlike surfaces; direct applications of the area
functional are useless too. For our best knowledge, a unique attempt to construct an analogue of the mean curvature
for lightlike submanifolds was accomplished in [3] for the lightlike hypersurfaces only, see also [9].
An additional reason to distinguish a class of minimal lightlike surfaces is that minimal surfaces in Mn may serve
as simple dynamical models of strings in the relativity theory [2,10,22–24]. It was suggested in [21] that lightlike
strings may be represented only by two-dimensional surfaces in Mn ruled by null (isotropic) straight lines. On the
other hand, a careful analysis in terms of spinors and twistors fulfilled by K. Ilyenko [12,13] shows that there are some
particular classes of non-ruled lightlike surfaces in Mn which may pretend to represent lightlike strings, however no
geometric motivations were given in [12,13].
In order to define minimal lightlike surfaces in Mn we propose to apply one particular deformability property of
minimal surfaces in En. Namely a regular transformation of surfaces F → F˜ in En is said to be a G-transformation
if the planes tangent to F and F˜ at corresponding points are parallel. Translations in En generate trivial examples
of G-transformations. It is well known that a surface F in En admits locally a continuous isometric G-deformation
different from translations if and only if F is minimal, moreover this deformation is represented by the family of
minimal surfaces in En associated to F , cf. [5,6,11]. A quite trivial analysis demonstrates that the same property still
holds for minimal (maximal) space- and timelike surfaces in Mn.
As for the lightlike case, we prove that locally there are just two different classes of lightlike surfaces which
admit nontrivial isometric G-deformations. These surfaces are referred to as null-ruled and l-minimal respectively.
By definition, a null-ruled surface in Mn is formed by null straight lines of Mn, so it may be represented in Mn by a
position-vector ρ(u1, u2) = ξ(u2)u1 +η(u2), where η(u2) represents a spacelike curve γ ∈ Mn and ξ(u2) is a field of
null vectors along γ orthogonal to η′. Every null-ruled surface admits nontrivial G-deformations, which are generated
by some particular deformations of its base curve γ . Remark that ρ(u1, u2) satisfies (1) with ε = 0, that is why the
null-ruled surfaces may be viewed as a quite natural lightlike analog of minimal space- and timelike surfaces.
Another class of lightlike surfaces which admit nontrivial isometric G-deformations is much more interesting and
surprising. Namely, a lightlike surface F 2 in Mn is referred to as l-minimal, if it may be represented by a position
vector ρ(u1, u2) in such a way that the following characterizing conditions are fulfilled:
i) the coordinates curves u2 = const in F 2 are null curves, so the metric induced in F 2 from ds2M reads ds2F =
g22(du2)2;
ii) the vectors ∂u1ρ and ∂u1u1ρ are independent at every point of F 2, so F 2 is not null-ruled;
iii) ∂u1u2ρ is collinear to ∂u1ρ at every point of F 2.
We demonstrate that every l-minimal lightlike surface in Mn admits nontrivial isometric G-deformations, moreover
deformed surfaces are still lightlike and l-minimal. As consequence, such a particular deformability gives us a reason
to suggest that the l-minimal lightlike surfaces should be viewed as an analogue of minimal space- and timelike
surfaces in Mn.
Remark that generically a lightlike surface in Mn, n > 3, is neither l-minimal nor null-ruled; on the other hand,
every lightlike surface in M3 is null-ruled.
Open problems:
1. To give representation formulae of Weierstrass type for the l-minimal lightlike surfaces in Mn, cf. [7,14,15,17,
20].
2. To construct a variation problem, whose extremal solutions are the l-minimal lightlike surfaces in Mn.
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Let x1, . . . , xn be Cartesian coordinates in the n-dimensional Minkowski space Mn, the metric of Mn reads ds2M =
−(dx1)2 + (dx1)2 + · · · + (dxn)2. Consider a regular two-dimensional surface F 2 in Mn represented by a position-
vector x = ρ(u1, u2). The tangent plane TPF 2 to F 2 at a point P ∈ F 2 is spanned by non-collinear vectors ∂u1ρ and
∂u2ρ. The metric induced on F 2 from ds2M reads ds2 = gij dui duj , where gij = 〈∂ui ρ, ∂uj ρ〉 are corresponding inner
products in Mn.
Suppose the given surface F 2 is transformed to another surface F˜ 2 with position-vector ρ˜(u1, u2) by a regular
mapping ψ :F 2 → F˜ 2. This mapping is called a G-transformation if the tangent planes to F 2 and F˜ 2 at corresponding
points are parallel, i.e. the following equalities hold:
(2)∂u1 ρ˜ = A∂u1ρ + B∂u2ρ,
(3)∂u2 ρ˜ = C∂u1ρ + D∂u2ρ,
where A, B , C, D are some functions of u1, u2. The compatibility of (2)–(3), ∂u1u2 ρ˜ = ∂u2u1 ρ˜, leads to the following
constraint for A, B , C, D:
(4)(∂u2A − ∂u1C)∂u1ρ + (∂u2B − ∂u1D)∂u2ρ − C∂u1u1ρ + (A − D)∂u1u2ρ + B∂u2u2ρ = 0.
So generically we have a system of algebraic and differential equations for A, B , C, D, whose compatibility depends
on linear relations between ∂u1ρ, ∂u2ρ, ∂u1u1ρ, ∂u1u2ρ and ∂u2u2ρ. Moreover A, B , C, D have to satisfy the regularity
constraint:
(5)AD − BC = 0.
Now let us assume that the G-transformation in question, ψ :F 2 → F˜ 2, is isometric. It means that the metric form
ds˜2 = g˜ij dui duj of F˜ 2 is equal to the metric form ds2 of the initial surface F 2, so g˜ij = gij , i, j = 1,2. It follows
from (2)–(3) that ψ is isometric if and only if A, B , C and D satisfy the following conditions:
(6)A2g11 + 2ABg12 + B2g22 = g11,
(7)ACg11 + (AD + CB)g12 + BDg22 = g12,
(8)C2g11 + 2CDg12 + D2g22 = g22.
Thus the surface F 2 ⊂ Mn being given, the existence of isometric G-transformations for F 2 depends on the solv-
ability of Eqs. (4)–(8) with respect to A, B , C, D. Generically we will have the trivial solution only, A = D ≡ 1,
B = C ≡ 0, which corresponds to translations in Mn. So in general situation F 2 does not admit isometric G-
transformations different from translations. However in some particular cases isometric G-transformations different
from translations may exist, they will be referred to as nontrivial. A one-parameter continuous family of isometric
G-transformations ψε :F 2 → F˜ 2ε with ψ0 = id is called an isometric G-deformation; it is referred to as nontrivial if
for every fixed ε = 0 the corresponding transformation ψε is nontrivial and ψε1ψ−1ε2 are nontrivial for ε1 = ε2.
The principal question is when the surface F 2 ⊂ Mn admits a nontrivial isometric G-deformation. From the an-
alytical point of view, the problem is to understand when there exist a continuous family of nontrivial solutions
A(u1, u2; ε), B(u1, u2; ε), C(u1, u2; ε), D(u1, u2; ε) of (4)–(8), which possesses the following properties:
1) the desired family starts from the trivial solution,
(9)A(u1, u2;0) ≡ 1, B(u1, u2;0) ≡ 0, C(u1, u2;0) ≡ 0, D(u1, u2;0) ≡ 1;
2) for every fixed ε1 = ε2 the corresponding solutions A(u1, u2; εi), B(u1, u2; εi), C(u1, u2; εi), D(u1, u2; εi),
i = 1,2, are different one from another.
Remark that A(u1, u2; ε), B(u1, u2; ε), C(u1, u2; ε), D(u1, u2; ε) has to satisfy the following regularity condition
instead of (5):
(10)AD − BC > 0,
since AD − BC cannot change the sign and AD − BC|ε=0 = 1.
The answer to the formulated question essentially depends on the definiteness and degeneracy of the metric ds2
of F 2. We will concentrate on lightlike surfaces only.
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Assume that the regular surface F 2 is lightlike. It means that the metric ds2 of F 2 is degenerate of rank 1, so
g11g22 − g212 = 0. In this case at every point P ∈ F 2 there exist a unique well defined null direction in the tangent
plane TPF 2. As consequence, F 2 is foliated into a one-parameter family of null curves. Without loss of generality we
will suppose that the coordinates u1, u2 on F 2 are specified in such a way that the coordinate lines u2 = const are just
the mentioned null curves on F 2. Then the metric of F 2 reads ds2 = g22(du2)2, i.e.
(11)g11 = 〈∂u1ρ, ∂u1ρ〉 = 0, g12 = 〈∂u1ρ, ∂u2ρ〉 = 0.
The specified coordinates u1, u2 will be referred to as light. Remark that if we choose another local coordinates of the
form uˆ1 = uˆ1(u1, u2), uˆ2 = uˆ2(u2), then the coordinate lines uˆ2 = const on F 2 will still null and the metric will be
written as ds2 = gˆ22(duˆ2)2, so uˆ1, uˆ2 will be light too.
Since ψ :F 2 → F˜ 2 is a G-transformation and the planes tangent to F 2 and F˜ 2 at corresponding points are parallel,
then F˜ 2 is lightlike too. Moreover if we specify u1, u2 so that (11) hold, then Eqs. (6)–(8) read
B2g22 = 0, BDg22 = 0, D2g22 = g22,
so
(12)B ≡ 0, D ≡ 1.
Hence it follows from (2) and (12) that ψ :F 2 → F˜ 2 maps null directions ∂u1ρ tangent to F 2 into null directions ∂u1 ρ˜
tangent to F˜ 2. Such mappings are sometimes referred to as radical preserving [8].
Because of (12), Eq. (4) is rewritten as follows:
(13)(∂u2A − ∂u1C)∂u1ρ − C∂u1u1ρ + (A − 1)∂u1u2ρ = 0.
The regularity condition (10) holds iff A > 0.
Now we see that if ∂u1ρ, ∂u1u1ρ and ∂u1u2ρ are independent, then the solution of (13) is trivial, A ≡ 1, C ≡ 0, it
corresponds to translations.
Theorem 1. Let F 2 ⊂ Mn be a lightlike surface with position vector x = ρ(u1, u2) parameterized by light coordinates.
If ∂u1ρ, ∂u1u1ρ and ∂u1u2ρ are linearly independent, then F 2 does not admit nontrivial isometric G-transformations.
The described necessary condition for the existence of nontrivial isometric G-transformations is invariant with
respect to mentioned changes of light coordinates on F 2, uˆ1 = uˆ1(u1, u2), uˆ2 = uˆ2(u2). The next elementary statement
shows that this necessary condition represents an essential constraint if n > 3 only.
Lemma. Let F 2 be a lightlike surface in n-dimensional Minkowski space Mn. Assume that F 2 is parameterized by
light coordinates, x = ρ(u1, u2), so the metric of F 2 reads ds2 = g22(du2)2. If n = 3, then ∂u1ρ, ∂u1u1ρ and ∂u1u2ρ
are linearly dependent at every point of F 2.
Proof. If we differentiate (11), we obtain: 〈∂u1ρ, ∂u1u1ρ〉 = 0, 〈∂u1ρ, ∂u1u2ρ〉 = 0. So ∂u1u1ρ and ∂u1u2ρ are orthog-
onal to the null vector ∂u1ρ. On the other hand, the subspace of vectors orthogonal to a given null vector in Mn
is (n − 1)-dimensional and contains this null vector itself. Hence if n = 3 then the subspace orthogonal to ∂u1ρ is
two-dimensional, so there is a linear dependence between ∂u1ρ, ∂u1u1ρ and ∂u1u2ρ. 
If n > 3, then the dimension of the subspace orthogonal to ∂u1ρ is greater than or equal to 3. Therefore in the
general situation the vectors ∂u1ρ, ∂u1u1ρ and ∂u1u2ρ are linearly independent. However in some particular cases
linear dependencies between these vectors may exist, it gives us a way to distinguish some particular classes of
lightlike surfaces in Mn, n > 3.
From the local point of view it would be natural to analyze three different cases:
A) ∂u1u1ρ is collinear to ∂u1ρ at every point of F 2;
B) ∂u1ρ, ∂u1u1ρ are independent, whereas ∂u1u2ρ is its linear combination at every point of F 2;
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The case C is not interesting: because of Theorem 1, in this case F 2 admits trivial isometric G-transformations
only. This situation is generic for n 4. So in the next subsections we will consider more interesting cases A and B.
2.1. Case A: null-ruled lightlike surfaces
In this subsection we will suppose that ∂u1u1ρ is collinear to ∂u1ρ everywhere in F 2, so ∂u1u1ρ = P∂u1ρ. Then it is
easy to see that the coordinate null curves u2 = const in F 2 are null straight lines of Mn, so the lightlike surface F 2 is
ruled by null straight lines, briefly—null-ruled. It follows from lemma, that every lightlike surface in M3 is null-ruled.
On the other hand, if n > 3 then the null-ruled surfaces form a very particular class of lightlike surfaces in Mn.
It is easy to see that one can specify the light coordinates u1, u2 in F 2 in such a way that ∂u1u1ρ = 0. Therefore
ρ = ξ(u2)u1 + η(u2), where ξ(u2) and η(u2) are two vector-functions which satisfy 〈ξ, ξ 〉 = 0, 〈ξ, η′〉 = 0 because
of (11). Moreover, ξ and ξ ′u1 + η′ are linearly independent in view of the regularity of F 2. In order to describe
isometric G-transformations of F 2 in the present case, substitute the found solution ρ = ξu1 + η into (13) and obtain:
(14)ξ(∂u2A − ∂u1C) − ξ ′(1 − A) = 0.
The nontrivial solvability of (14) depends on linear relations between ξ and ξ ′. Generically, ξ and ξ ′ are not collinear,
so A ≡ 1 and C = C(u2). In this case Eqs. (2)–(3) will be written as follows: ∂u1 ρ˜ = ξ , ∂u2 ρ˜ = Cξ + ξ ′u1 + η′.
Hence ρ˜ = ξu1 + η˜, where η˜(u2) is a solution of η˜′ = Cξ + η′. Thus the deformed surface F˜ 2 represented by ρ˜ is a
null-ruled surface with the same null vector field ξ(u2), and the corresponding isometric G-transformation F 2 → F˜ 2
is generated by some particular transformation of the base curves of F 2 and F˜ 2 represented by η(u2) and η˜(u2)
respectively. If C(u2) ≡ 0, the transformation will be nontrivial. Since C(u2) is an arbitrary smooth function, one can
construct a large set of different nontrivial isometric G-deformations of F 2.
2.2. Case B: l-minimal lightlike surfaces
In this subsection we will suppose that at each point of F 2 the vectors ∂u1ρ and ∂u1u1ρ are linearly independent,
whereas ∂u1u2ρ is its linear combination,
(15)∂u1u2ρ = P∂u1ρ + R∂u1u1ρ.
In this case the lightlike surface F 2 is referred to as l-minimal. Clearly F 2 is not null-ruled. Moreover one can set
R ≡ 0 in (15) by applying a suitable scaling change of light coordinates uˆ1 = uˆ1(u1, u2), uˆ2 = uˆ2(u2). So without
loss of generality one can replace (15) by the following equality:
(16)∂u1u2ρ = P∂u1ρ.
If the coordinates u1, u2 in F 2 are specified in such a way that (16) holds, when u1, u2 are referred to as Liouville
coordinates. Evidently they are determined uniquely up to scaling changes u1 → u˜1(u1), u2 → u˜2(u2).
Theorem 2. An l-minimal lightlike surface F 2 in Mn admits nontrivial isometric G-deformations. Every regular
isometric G-transformation maps F 2 to some another l-minimal lightlike surface F˜ 2, and Liouville coordinates in F 2
are mapped to Liouville coordinates in F˜ 2.
Proof. In order to prove Theorem 2 and describe isometric G-transformations of the lightlike surface F 2, which is
assumed to be l-minimal, we rewrite (13) by applying (16) and obtain:
(
∂u2A − ∂u1C + P(A − 1)
)
∂u1ρ − C∂u1u1ρ = 0.
Since ∂u1ρ and ∂u1u1ρ are supposed to be independent, then C ≡ 0, whereas A is a solution of the following equation:
(17)∂u2A = P(1 − A).
It is easy to see that this equation has many solutions different from the trivial one, A ≡ 1. As consequence, the
l-minimal lightlike surface F 2 admits many nontrivial isometric G-transformations, which can generate nontrivial
continuous isometric G-deformations of F 2.
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So assume that we have some nontrivial solution A of (17). In order to construct the corresponding nontrivial isometric
G-transformation ψ :F 2 → F˜ 2, we have to integrate the complete system of compatible Eqs. (2)–(3) which now reads
as follows:
(18)∂u1 ρ˜ = A∂u1ρ,
(19)∂u2 ρ˜ = ∂u2ρ.
The solution ρ˜(u1, u2) of (18)–(19) is the position-vector of the transformed surface F˜ 2. Let us discuss the properties
of F˜ 2. First of all, it is easy to see that F˜ 2 is lightlike, the coordinate curves u2 = const in F˜ 2 are null and the metric
of F˜ 2 is ds˜2 = g22(du2)2. Next, differentiating (18) and taking into account (16)–(17), we obtain:
(20)∂u1u1 ρ˜ = ∂u1A∂u1ρ + A∂u1u1ρ,
(21)∂u1u2 ρ˜ = P∂u1ρ.
It follows from (18) and (20) that ∂u1 ρ˜ and ∂u1u1 ρ˜ are independent and span the same two-dimensional subspace as
∂u1ρ and ∂u1u1ρ.
Finally, find ∂u1ρ from (18) and substitute into (21). Then we obtain ∂u1u2 ρ˜ = P˜ ∂u1 ρ˜, P˜ = P 1A . Therefore, F˜ 2 is
l-minimal, and u1, u2 are Liouville coordinates in F˜ 2. 
2.3. Example
Consider two complementary subspaces V q1 and V
n−q
2 in M
n which are determined by xq+1 = xq+2 = · · · = xn =
0 and x1 = x2 = · · · = xq−1 = 0 respectively. Choose an arbitrary regular null curve γ1 in V q1 , which is different from
null straight lines, and an arbitrary regular curve γ2 in V n−q2 . It is easy to verify, that the Cartesian product γ1 × γ2 ⊂
V
q
1 ⊕ V n−q2 = Mn is an l-minimal lightlike surface. Nontrivial isometric G-deformations of F 2 are generated by
nontrivial isometric deformations of the null curve γ1 in V q1 , which preserve tangent directions to γ1, whereas γ2 is
fixed up to translations. Evidently, the proposed construction is possible only if q  3.
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